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Abstract
The current paper is devoted to extensions of the rule query language 4QL proposed by Małuszyński and Szałas.
4QL is a DATALOG¬¬ -like language, allowing one to use rules with negation in heads and bodies of rules. It is
based on a simple and intuitive semantics and provides uniform tools for lightweight versions of well-known forms
of nonmonotonic reasoning. In addition, 4QL is tractable w.r.t. data complexity and captures PT IME queries.
In the current paper we relax most of restrictions of 4QL, obtaining a powerful but still tractable query language
4QL+ . In its development we mainly focused on its pragmatic aspects: simplicity, tractability and generality. In the
paper we discuss our approach and choices made, define a new, more general semantics and investigate properties
of 4QL+ .
Keywords: Rule language, DATALOG, DATALOG¬¬ , Nonmonotonic reasoning, Paraconsistent semantics, Agent
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1

Contents, Contribution and Structure of the Paper

What does it mean that an (artificially) intelligent agent thinks? We do not intend here to
answer such a general (and not yet really answered) question, focusing on its rather narrow
sense. That is, for the purpose of our paper “thinking” is the process of modeling the world
by establishing related facts and theories; and reasoning about the world by deriving conclusions on the basis of constructed models. There are then three major aspects we focus on:
how facts are collected and reported, how are theories established and how conclusions are
derived. From the perspective of the current paper facts are being told, e.g., by agents through
speech acts or by the environment through perception. We assume that theories modeling the
world are provided by developers of agent systems. Our concern is to define a framework rich
enough to represent complex knowledge bases,1 equipped with tractable reasoning machinery and capturing all tractable reasoning schemata. Some fundamental steps towards these
directions have already been made and reported in [27, 28], where a query language, called
4QL, has been defined and investigated. In the current paper we generalize ideas of [27, 28].
The environments in which agents’ knowledge bases are used frequently consist of multiple information sources, so one has to address problems of missing and/or inconsistent
knowledge. Technologies adequately dealing with such circumstances should provide tools
for completing gaps in knowledge and for disambiguation of inconsistencies. Typically, one
uses forms of nonmonotonic/defeasible reasoning techniques to serve these purposes [13, 26,
30, 33]. When performance of real world intelligent systems is concerned, pragmatic uses of
logics require efficient modeling and reasoning. Therefore tractability is one of our prime prerequisites. It can hardly be achieved even in classical propositional logic, without placing cer1

We use the term “knowledge base” as in the area of knowledge representation rather than in theories about knowledge and belief.
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tain restrictions on formulas used in knowledge bases. The situation is even worse, when nonmonotonic or multimodal formalisms are used in their full generality [3, 14, 20, 22, 24, 34].
Already in 4QL, extended in this paper, such forms of reasoning became tractable. This is
achieved by restricting formulas to rules and introducing modules and external literals. In
the new language, 4QL+ , we considerably relax restrictions of 4QL, still remaining within
a tractable framework.
Note that inconsistencies require a form of paraconsistent reasoning. Let us emphasize
that paraconsistency has not been a goal of this research, being rather its unavoidable consequence. However, we deal with quite simple and natural paraconsistent semantics. For
discussions of more advanced techniques, see [5, 6, 9, 10, 15].
In the current paper we mainly focus on agent systems. In such cases modeling beliefs,
perception and interaction patterns is indeed a complex task [20, 22, 25, 31]. We believe that
the proposed language adds a value to these approaches by a uniform treatment of monotonic
and nonmonotonic reasoning techniques and founding the reasoning on knowledge based
systems. To our knowledge there is no declarative approach to agent systems enjoying the
properties of 4QL+ (for alternative approaches see, e.g., [2, 12] and references there).
The original contribution of the paper depends on extending 4QL by:
• multisource queries to heterogeneous databases;
• allowing rules with bodies expressed by arbitrary (multisource) first-order formulas;
• substantially relaxing the requirements concerning the layered architecture.
These syntactic changes are accompanied by new definitions of semantics. We have also
provided a new PT IME algorithm for computing well-supported models and working with
such syntactic extensions. Let us emphasize that the proposed semantics is rather general as,
in its substantial part, it abstracts from 4QL+ itself. This allows us to incorporate heterogeneous information sources not necessarily defined by means of 4QL+ . The only requirement
is that information sources answer queries by providing truth values or sets of ground literals,
where such sets are finite but unrestricted in any other sense. In particular, they may contain
contradictory literals or no literals expressing a particular fact or its negation.
The paper is structured as follows. First, in Section 2, we discuss the approach of [7, 8] and
motivate our choices. Then, in Section 3, we provide a discussion of an alternative approach,
fundamental to the current paper. In Section 4 we remind the 4QL query language defined
and investigated in [27, 28]. Section 5 is devoted to discussion of extensions of 4QL. In
Section 6, the 4QL+ query language is defined and investigated. Finally, Section 7 concludes
the paper.

2

What is an Agent Being Told

In [7, 8] a four-valued logic is proposed as a formalization of reasoning principles when
a computer or an agent receives information from multiple sources. The reasoning is founded
on lattices A4 and L4 shown in Figure 1, where t, b, n, f stand for true, both, none and false,
respectively. The role of L4 is that it provides basis for reasoning, while A4 reflects the
process of gathering information from various sources.
In this paper we will need first-order language without function symbols (however, allowing constants). That is, we allow atomic formulas of the form r(ū), where r is a relation
symbol and ū is a tuple consisting of variables and/or constants. Complex formulas are built
using propositional connectives and first order quantifiers ∀, ∃. To define the semantics we
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F IG . 1. Lattices discussed in the paper.
need some definitions. By a literal we understand an atomic formula or the negation of an
atomic formula. A ground literal is a literal without variables. For notational convenience
we identify ¬¬` with its equivalent `.
The following definition explains the terminology of truth values.
D EFINITION 2.1
By an interpretation we mean any set of ground literals. The truth value of a literal ` in
interpretation I, denoted by I(`), is the value defined as follows:

t if ` ∈ I and (¬`) 6∈ I;



b if ` ∈ I and (¬`) ∈ I;
def
I(`) =
n if ` 6∈ I and (¬`) 6∈ I;



f if ` 6∈ I and (¬`) ∈ I.
C
There has been some misunderstanding behind the intuitive meaning of reasoning based
on L4 . For discussions and explanations see, e.g., [7, 8, 17, 18, 23, 38, 39]. As indicated
in [4], the relevance logic F DE (First-Degree Entailment) is semantically determined by L4 ,
assuming that connectives ¬, ∧L4 , ∨L4 , →L4 are defined by:
¬t = f, ¬b = b, ¬n = n, ¬f = t,
def

def

def

t ∧L4 t0 = minL4 {t, t0 }, t ∨L4 t0 = maxL4 {t, t0 }, t →L4 t0 ≡ t ≤L4 t0 ,

(2.1)

where t, t0 ∈ {t, b, n, f}, ≤L4 is the order of lattice L4 and minL4 (maxL4 ) stands for the
greatest lower bound (the least upper bound, respectively) w.r.t. ≤L4 . As pointed out in [39],
there is only one canonical and non-metaphorical account of the four values t, b, n, f:
they are told values, representing what as a matter of fact the computer has been told.
Now observe that b ∨L4 n = t. The intuition behind this somehow odd result is the following [23]:
if I(A) = b then we have (in particular) been told that A is true,
and so that (A ∨L4 B) is true; and if I(B) = n then we have not been
told that B is f, nor, therefore, that (A ∨L4 B) is f; so (A ∨L4 B) is true.

(2.2)

Let us have a closer look at the above reasoning. It applies to the situation when one information source told us A and another told us ¬A. However, when a source tells us both A and
¬A, i.e., that the truth value of A is b, we cannot assume that in particular we have been told
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that A is true. The explanation (2.2) does not address this case.2 In fact, the following example, based on one provided in [32], shows that such results can be misleading, as deviating
too far from the usual understanding of connectives and pragmatics of their use.
E XAMPLE 2.2
Consider a web service supplying information about stocks. Assume that a web agent looks
for stock portfolios of low risk or promising big gain. The agent’s query can be expressed by
(lr(X) ∨L4 bg(X)), where lr and bg stand for “low risk” and “big gain”, respectively. For
simplicity, assume that the service has been told the following facts:
lr(s1 ), lr(s2 ), ¬lr(s2 ).
The query looks for stock portfolios X that are instances of (lr(X) ∨L4 bg(X)) w.r.t. the
knowledge base. This disjunction is true for X = s1 as well as for X = s2 .
The answer X = s1 for the query is intuitively correct. On the other hand, one also receives
an answer that the required disjunction is true for s2 solely on the basis of two contradictory
facts lr(s2 ), ¬lr(s2 ) which is not really what one would expect.
C
The above example shows that definition b ∨L4 n = t does not reflect intuitions in application areas we focus on. Similar objections concern b ∧L4 n = f.
There are, of course, situations where contradictions (expressed by b) can easily be resolved, e.g., by examining information sources. In particular, a source may be more reliable
than another one or may have more authority than another; more specific rules are typically
preferred, etc. Also, the lack of information (expressed by n) can be resolved, e.g., by using
defaults, autoepistemic reasoning, etc. However, neither F DE nor its variants provide formal
means for disambiguation of contradictions or for completing missing information. Such
means inevitably lead to nonmonotonicity of reasoning.

An Alternative to L4

3

As discussed in Section 2, in many application areas L4 is not adequate. We claim here that
the pragmatics of disjunction should include the following principles:
– disjunction is true only when at least one of its operands is true;
– disjunction is false only when all its operands are false;

(3.1)

and the pragmatics of conjunction:
– conjunction is true only when all its operands are true;
– conjunction is false only when at least one of its operands is false.

(3.2)

Apparently, disjunction and conjunction, based on L4 and defined by (2.1), do not conform to
these principles. Therefore the following ordering on t, b, n, f is considered in [16, 27, 28, 29]
as a suitable alternative:
f < n < b < t.

(3.3)

We further denote this ordering by T4 (see also Figure 1).
We assume that t and b are designated values.3 This distinguishes the current approach
from [27, 28, 29], where t is the only designated value. Note that the change of designated
2
In what follows the value ‘both’ is atomic. Even if it encodes that a fact is both true and false, one cannot consider those cases separately without
running into semantical problems.
3

Recall that designated values are values that act as truth [11, 36].
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values and further adjustments, does not affect the semantics of rule languages considered
in [27, 28, 29]. It is introduced for conceptual simplification only.
Note that T4 linearizes L4 while preserving the order n < b of A4 . This ordering reflects
the intuition that, at a given stage of information acquisition,
t < t0 indicates that t0 “contains more truth” than t does.
Truth tables for connectives are provided in Table 1. Observe that they reflect the same
principles for ¬, ∧, ∨ as in (2.1) except that we use order T4 rather than L4 . However, under
T4 disjunction and conjunction conform to principles (3.1) and (3.2). The same truth tables
have been considered in [27, 28, 29].
TABLE 1. Truth tables for ∧, ∨, → and ¬.
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E XAMPLE 3.1 (Example 2.2 continued)
Consider lr(X) ∨ bg(X) rather than lr(X) ∨L4 bg(X). Recall that the service has been told
three facts: lr(s1 ), lr(s2 ), ¬lr(s2 ). The result of lr(s1 ) ∨ bg(s1 ) is now t and the result for
lr(s2 ) ∨ bg(s2 ) is b, making perfect intuitive sense in both cases.
C
A discussion of → can still be helpful. Observe that implication can only be t or f. It reflects
the following principles:
– truth or falsity of a given proposition can only be deduced
on the basis of true assumptions;
– on the basis of contradictory premises one should derive
(3.4)
only contradictory conclusions;
– one should not derive conclusions on the basis of false
or unknown premises.
The first and the third principle of (3.4) are rather obvious and accepted in monotonic
reasoning. The following example justifies the second one.
E XAMPLE 3.2
Consider implication:
safe(location) → stay in(location).

(3.5)

If safe is b and stay in(location) is t, we do not really want (3.5) to be t. We rather prefer that
it is f, so that the rule engine will have to modify the conclusion stay in(location) to b not
letting the agent believe that that it should stay in the location.
C
Observe that the implication we use generalizes the modus ponens rule in the following
sense:
I v (A) = t, I v (A → B) = t ` I v (B) ∈ {t, b} ;
v

v

v

I (A) = b, I (A → B) = t ` I (B) = b.

(3.6)
(3.7)
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Summarizing (3.6) and (3.7), we conclude that modus ponens actually holds, i.e, the following rule is valid:
A, A → B ` B.

(3.8)

Observe also that our implication provides semantics for rules. Therefore,
• it reflects fusing knowledge from various rules, i.e., acts according to K4 rather than T4 ;
• it reflects the intuition behind rules in logic, where one derives conclusions on the basis
of designated values only.
To see that → indeed reflects the above properties consider K4 with truth values f and n
unified:
n = f ≺ t ≺ b.

(3.9)

Then A → B is t if and only if A  B, where  is the reflexive closure of ordering (3.9).
Let us emphasize that:
• when one restricts truth values to {t, f} then connectives defined in Table 1 become equivalent to their counterparts in classical propositional logic;
• when one restricts truth values to {t, n, f} or to {t, b, f} then conjunction, disjunction and
negation become respectively their counterparts in Kleene three-valued logic K3 with the
third (non-classical) value meaning undetermined and in Priest logic P3 [35], where the
third value receives the meaning paradoxical.4
R EMARK 3.3
1. Note that implication of P3 is not quite satisfactory. As indicated in IV.4 of [35], implication of P3 causes problems with modus ponens, modus tollens and reduction to absurdity.
With the implication defined in Table 1 we have modus ponens. However, modus tollens
and reduction to absurdity are not valid either. Namely:
• a counterexample to modus tollens (A → B, ¬B ` ¬A) can be A = n, B = f;
• a counterexample to the reduction to absurdity ((¬A) → f ` A) can be A = n.
On the other hand, when only truth values {t, b, f} are allowed, modus ponens and the
reduction to absurdity are valid, so the implication we propose behaves better than the
implication of P3 .
2. It is important to emphasize that our implication is tailored to deal with literals in conclusions, which precisely reflects syntax of rules. It is not meant as a general implication.
For example, consider formula A → (A ∨ B). When A takes the value b and B takes
the value t, this implication reduces to b → (b ∨ t), i.e., to f. On the other hand, it is
reasonable to expect that A → (A ∨ B) is t. Of course, this phenomenon does not occur
when conclusion is just a literal.
C
D EFINITION 3.4
Let C be a set of constants and v be a valuation assigning constants to variables. By a firstorder interpretation over C we mean any set I of ground literals such that for any constant
4

The only difference between K3 and P3 is that only true is designated in K3 , while in P3 both true and paradoxical are.
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c occurring in literals in I, c ∈ C. The truth value of formula A in interpretation I under
valuation v, denoted by I v (A), is defined by:5
def

=

I(v(`)), where ` is a literal;

I (¬B)

def

=

¬I v (B);

I v (B ◦ C)

def

=

I v (B) ◦ I v (C) for ◦ ∈ {∧, ∨, →};

I v (∀XB(X))

def

=

min{I v (B(c)) | c ∈ C};

def

max{I v (B(c)) | c ∈ C},

I v (`)
v

v

I (∃XB(X))

=

where the meaning of ◦ at righthand sides of equalities is provided in Table 1; and min, max
are operations of minimum and maximum w.r.t. ordering T4 defined by (3.3).
C
Since {t, b} are designated values, we have the following definition of models.
D EFINITION 3.5
Let a set of constants, C, be given. A set of ground literals I with constants in C is a model of
a set of formulas G iff for each formula A ∈ G and any valuation v mapping variables into
C, we have that I v (A) ∈ {t, b}.
C

4

The 4QL Query Language

Let us recall some basic aspects of 4QL, a DATALOG¬¬ -like rule language introduced and
investigated in [27, 28].6 4QL supports a modular and layered architecture, and provides
a tractable framework for many forms of rule-based reasoning both monotonic and nonmonotonic. As the underpinning principle, openness of the world is assumed, which may lead to
the lack of information. Negation in rule heads may lead to inconsistencies. To reduce the
unknown/inconsistent zones, modules and external literals provide means for:
• the application-specific disambiguation of inconsistent information;
• the use of Local Closed World Assumption (thus also Closed World Assumption, whenever needed);
• the implementation of various forms of nonmonotonic and defeasible reasoning.
The semantics is based on the logic defined in Section 3.
To express nonmonotonic/defeasible rules we need the concept of modules and external
literals. We skip this part here, as it will be explored and generalized in Section 5.
D EFINITION 4.1
By a rule we mean any expression of the form:
` ← b11 , . . . , b1i1 | . . . | bm1 , . . . , bmim .

(4.1)

where ` is a literal, {b11 , . . . , b1i1 , . . . , bm1 , . . . , bmim } is a (possibly empty) set of literals;
and ‘,’ and ‘|’ abbreviate conjunction and disjunction, respectively.
Literal ` is called the head of the rule and the expression at the righthand side of ‘←’
def
in (4.1) is called the body of the rule. If % is a rule of the form (4.1) then head(%) = `.
5

Note that I(v(A)) has been introduced in Definition 2.1. Additionally, we extend v to cover all formulas in the standard way.

6

For related material and an experimental interpreter designed by P. Spanily see 4ql.org.
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A rule without variables is called a ground rule. A ground rule with the empty body is
called a fact.
A 4QL program is a finite set of rules, where it is assumed that for any ground literal `,
the set of ground instances of rules of the program can contain at most one rule with ` as its
head.
C
For facts we use notation ‘`.’ rather than ‘` ← .’
R EMARK 4.2
In what follows we often assume that the considered rules are ground. It will always be
done without loss of generality: whenever we shall restrict considerations to ground rules,
the context will always allow to replace non-ground rules with their ground instances. Note
also that this replacement does not affect data complexity of considered problems as in this
case the size of considered expressions is assumed to be constant.
C
Since we consider databases, from now on we assume that all database domains are finite.
Also, the considered sets of constants are always assumed to be finite.
D EFINITION 4.3
Let a set of constants C be given. A set of ground literals I with constants in C is a model of
a set of rules S iff for any valuation v mapping variables into constants in C:
1. for each fact `. we have that I(v(`)) ∈ {t, b};

2. for each rule ` ← b11 , . . . , b1i1 | . . . | bm1 , . . . , bmim . ∈ S 
we have that
I v (b11 ∧ . . . ∧ b1i1 ) ∨ . . . ∨ (bm1 ∧ . . . ∧ bmim ) → ` = t.

C

The semantics of 4QL is defined by well-supported models generalizing the idea of [21].
Namely, querying a 4QL program depends on querying the well-supported model of this program. Intuitively, a model is well-supported if all derived literals are supported by a reasoning
grounded in facts. We again skip a formal definition of well-supportedness of [27, 28], as its
alternative characterization will be provided in Definition 4.8.
It appears that for any set of rules there is a unique well-supported model and it can be
computed in deterministic polynomial time. For details see [27, 28]. Let us only illustrate the
use of 4QL rules on an example based on a one from [27].
E XAMPLE 4.4
Let R be the following set of rules:
r
t
¬s
s.

←
←
←

s | t.
r.
t.

A minimal model of R is {s, ¬s, r, t}. However, the only fact, s, has in this model the value
b so there are no facts supporting the truth of r and t in this model. The intuitively correct
model for R is the well-supported model {s, ¬s, r, ¬r, t, ¬t}.
C
To make our presentation as self-contained as possible, let us now recall an algorithm
of [27] for computing the unique well-supported model for a given set of rules. Its correctness
is proved in [28].
We will need the following definition.
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D EFINITION 4.5
Let S be a set of rules.
1. If ¬` is a negative literal then by its duplicate we understand a fresh literal representing
its positive part, for simplicity denoted by `0 .
2. By P os(S) we understand the DATALOG program obtained from S by replacing each
negative literal ¬` of S by its duplicate `0 .
C
Input: a set of ground rules S.
Output: the unique well-supported model I S for S.
1. (finding basic inconsistencies):
(a) compute the least Herbrand model I0S of P os(S)
def

(b) let I1S = {`, ¬` | `, `0 ∈ I0S }
2. (finding potentially true literals):

(a) let S 0 = {% | % ∈ S and I1S head(%) 6= b}
(b) set I2S to be the least Herbrand model for P os(S 0 )
with literals `0 substituted by ¬`
3. (reasoning with inconsistency):
(a) define the following transformation ΦS on interpretations:

def
ΦS (I) = I ∪ `, ¬` | there is a rule [` ← β1 ∨ . . . ∨ βm ] ∈ S
such that ∃k ∈ {1, . . . , m}[I(βk ) = b ]
(I2S

and ¬∃n ∈ {1, . . . , m}[
− I)(βn ) = t ] .
The transformation ΦS is monotonic (see [28]).
S
S
S
S
Denote by I[
3 the fixpoint of Φ obtained by iterating Φ on I1 , i.e.,
I3S =
(ΦS )i (I1S )

(4.2)
(4.3)
(4.4)

i∈ω

(b) set I S = I2S ∪ I3S .

F IG . 2. Algorithm computing the well-supported model for a given set of ground rules [27].
The algorithm of [27] is presented in Figure 2. Let us now observe some of its properties
leading to an alternative definition of well-supportedness.
The following lemmas are proved in [28].
L EMMA 4.6
If ` ∈ I1S then the value of ` is b in every model of S.

C

L EMMA 4.7
If for a well-supported model M of S we have M(`) = t then ` ∈ I2S .

C

Let us now provide a definition of well-supported models alternative to the one given in [27,
28].
D EFINITION 4.8
Let S be a set of rules. By the well-supported model of S we understand the least model of S
containing I1S and such that all literals with the value t in this model are contained in I2S . C
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The above definition is not quite “declarative” as referring to interpretations computed by
the algorithm shown in Figure 2. On the other hand, using Lemmas 4.6 and 4.7 one can reformulate them in terms of least Herbrand models for DATALOG programs. Such a reformulation
is, however, much less readable than Definition 4.8.
The following theorem justifies Definition 4.8.
T HEOREM 4.9
Algorithm given in Figure 2 computes the well-supported model defined in Definition 4.8.
P ROOF (Sketch)
Observe that I S computed by the algorithm is the union of I2S ∪ I3S . By definition of I3S we
have that I1S ⊆ I3S , so also I1S ⊆ I S .
Note that Φ(I) “corrects” the interpretation I by adding literals to assign b to certain heads
of rules when satisfiability of a rule is violated. Such a violation happens when the value of
the body is b and the value of its head is not b. When bodies of rules are evaluated, true literals
are taken from I2S − I. Note that I3S is the least fixpoint of Φ, so the constructed model is
the minimal one satisfying Definition 4.8.
C
E XAMPLE 4.10
Let R be the set of rules defined in Example 4.4. Then I1R = {s(a), ¬s(a)}. Therefore,
I2R = ∅, so there are no literals obtaining the value t in the well-supported model of R.
C
A 4QL query is any first-order formula. Given a well-supported model M for a 4QL
program, the meaning of a query, say A(x̄), is the set of tuples consisting of constants which,
assigned to free variables x̄ make the formula t or b in M.

5

From 4QL to 4QL+

In this section we discuss extensions to 4QL which will lead to 4QL+ . In the rest of the paper
we will not fix a particular syntax for rules and programs, using directly the corresponding propositional connectives and quantifiers with the semantics defined by Definition 3.4.
Additionally, for notational convenience, we will use connective ← defined by
def

A ← B ≡ B → A.

5.1

Modules

Two substantial features of 4QL are modules and external literals. Modules, known from
programming languages, are meant to be a representational tool to model different information sources. Also in 4QL rules can be grouped in modules. Modules can ask other modules
about the values of literals. This is achieved by using external literals. However, a layered
architecture is required [27, 28]:
• modules are organized in layers;
• a module m can query another module n when n is in a strictly lower layer than m.
The semantics of modules is given by well-supported models constructed for such modules
starting from the lowest layer until the well-supported model of a given module is computed.
Modules and external literals are substantial for expressing nonmonotonic rules, e.g., closing the world, allowing lightweight default or defeasible reasoning, etc. (see examples in
Section 5.3).
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Observe that 4QL has some limitations:
• a literal can be a head of at most one rule;
• a layered architecture for modules is required;
• queries to modules are restricted to literals.
Our goal is to define query language 4QL+ , substantially relaxing these restrictions. Both
4QL and 4QL+ will have the same expressive power with queries in PT IME and capturing
PT IME. However, 4QL+ will allow for more compact queries, easier to read and understand,
e.g., allowing arbitrary sequences of quantifiers in rule bodies and first-order queries to external modules.
In the rest of the paper we do not provide any particular syntax to define modules. We will
simply assume that heads of rules indicate modules in which such rules are embedded. We
shall define this concept formally in subsequent sections. The following example provides
some initial intuitions.
E XAMPLE 5.1
Consider the following rules:
¬m.r(X) ← m.s(X, Y ) ∧ n.r(X) ∧ m.r(Y ).
n.r(X)

← n.t(X).

(5.1)
(5.2)

Rule (5.1) belongs to module m, which is indicated by module name m in the head of the
rule. Similarly, rule (5.2) belongs to module n. External literals n.r(X), m.r(Y ) appearing
in the body of rule (5.1) indicate that the value of r(X) should be told to m by module n and
the values of r(Y ) and s(X, Y ) should be taken from module m. Rule (5.2) refers only to
the relation n.t which is internal to n.
C

5.2

The Same Head in More than One Rule

The first extension to 4QL we propose is to allow literals to be heads of more than one rule.
To illustrate the intended semantics, consider the following two rules:
` ← β1 .

(5.3)

` ← β2 .

(5.4)

Let us emphasize that in our four-valued logic (with the semantics of connectives defined in
Table 1), the conjunction of rules (5.3) and (5.4) is not equivalent to the rule:
` ← β1 ∨ β2 .

(5.5)

Namely, in the case when one of β1 , β2 is t and the other is b the conjunction of rules (5.3)
and (5.4) results in ` = b while rule (5.5) results in ` = t. Disjunction within the body of
rules is the disjunction w.r.t. truth ordering T4 defined by (3.3). When we have two (or more)
rules with the same head then we treat them as different sources providing information about
the head, so ordering in which t < b, as in lattice A4 , is adequate to fuse the results. More
precisely, consider the following order, which we denote by K4 (see also Figure 1):
n < f < t < b.

(5.6)

Observe that K4 is a linearization of A4 , where ordering f < t reflects the classical ordering
(as well as T4 ).
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A formal meaning of rules with the same head is now given by:


(p → r) ∧ (q → r) = (p ∨K4 q) → r ,

(5.7)

where ∨k4 stands for the disjunction w.r.t. ordering K4 and = denotes equality on truth
values of formulas in the sense that A = B if for any valuation assigning truth values to
propositions, the truth value of A is the same as the truth value of B.
Note that, in some cases, algorithms shown in this paper do not compute well-supported
models when the same head may appear in more than one rule. An algorithm dealing with
such cases is being investigated.

5.3

Multisource Formulas

In [27, 28] external literals have been defined as follows.
Let M od be a finite set of module names with a strict partial ordering ≺ on M od. The
ordering reflects a layered architecture in the sense that when m1 ≺ m2 then we say that m1
is in a strictly lower layer than m2 .
D EFINITION 5.2
1. An external literal is an expression of one of the forms: m.r, ¬m.r, m.r ∈ T, ¬m.r ∈ T,
where:
• m ∈ M od is a module name and r is a positive literal; m is called the reference module
of the external literal. If r does not appear in the module m then the value of m.r is n;
• T ⊆ {t, b, n, f}.7
2. An external literal may only appear in rule bodies of a module m, provided that its reference module is in a strictly lower layer than m.
C
The semantics of modules and external literals can easily be defined by assuming that:
• each module operates on its “local” literals, accessing “foreign” literals only via external
literals;
• external literals, when used in a given module, are fully defined in modules in lower
layers;
• truth values assigned to external literals, once computed, do not change.
Under these assumptions, each external literal occurring in a module m has a fixed truth
value determined at lower levels. The semantics of m is now defined as the unique wellsupported model of the program m0 obtained from m by replacing each external literal of m
by the respective constant f, n, b or t denoting the truth value of this literal. In consequence,
we extend the definition of facts as follows.
D EFINITION 5.3
A fact is either a fact, as defined in Definition 4.1, or a ground external literal of the form
m.r(ā) ∈ T or ¬m.r(ā) ∈ T , assuming that the value of r(ā) (respectively ¬r(ā)) in the
well-supported model I m of m is in the set of truth values T , i.e., I m (r(ā)) ∈ T (respectively, I m (¬r(ā)) ∈ T ).
C
Note that one can consider formulas rather than external literals. This makes queries to external modules as powerful as S QL queries. We will call such formulas multisource formulas
7

The intended meaning of A.R ∈ T is that the truth value of a.r is in the set T .
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T RUTH VALUE ::=
t | b | n | f
L IST O F T RUTH VALUES ::=
T RUTH VALUE | T RUTH VALUE , L IST O F T RUTH VALUES
M ULTISOURCE F ORMULA ::= M ODULE NAME .C LASSICAL L ITERAL |
¬M ULTISOURCE F ORMULA |
M ULTISOURCE F ORMULA ∨ M ULTISOURCE F ORMULA |
M ULTISOURCE F ORMULA ∧ M ULTISOURCE F ORMULA |
∃ VARIABLE (M ULTISOURCE F ORMULA ) |
∀ VARIABLE (M ULTISOURCE F ORMULA ) |
M ODULE NAME .[M ULTISOURCE F ORMULA ] |
M ODULE NAME .[M ULTISOURCE F ORMULA ]∈{L IST O F T RUTH VALUES}

F IG . 3. Syntax of multisource formulas.
to emphasize their role as queries aggregating information from possibly multiple sources.
Syntax of multisource formulas is given in Figure 3. It is, however, required that any literal
appears within a scope of a module, where the scope is defined as follows.8
D EFINITION 5.4
The scope of m in formula m.[A] is the formula A. By the reference module of a literal ` we
understand the occurrence of m such that ` is in the scope of m and there is no n appearing
in the scope of m with ` being in the scope of n.
C
R EMARK 5.5
To avoid unnecessary repetitions of module names we shall use some simplifications. First,
when the context is clear, we omit brackets ‘[’ and ‘]’ in formulas of the form m.[A]. Next,
when A is a negative literal then we write ¬m.A rather than m.[¬A]. Also, when the reference module of a literal is known from the context, we omit the module name within the
literal. Finally, we often remove redundant occurrences of module names.
C
E XAMPLE 5.6


Formula m. ∃X(r(X) ∧ s(X)) ∧ n.[s(a) ∨ r(a)] is to be understood as:


∃X m.r(X) ∧ m.s(X) ∧ n.s(a) ∨ n.s(a) .

C

We are now in position to define the semantics of multisource formulas. Intuitively, the
semantics is given by interpretations attached to module names.
D EFINITION 5.7
Let C be a set of constants, GL be the set of ground literals with constants in C; and let
Γ : M od −→ 2GL be a mapping assigning sets of ground literals to module names. Let A
be a formula with free variables X̄. The semantics of multisource formulas is defined as in
Definition 3.4,9 together with the following clauses, where v is a valuation of variables:
def

• Γv(`) = I v(`), where ` is a literal and I = Γ(m) with m being the reference module of `;

t when Γv (A(X)) ∈ T ;
def
• Γv (A(X) ∈ T ) =
C
f otherwise.
The meaning of multisource formulas generalizes the meaning of external literals. However, we substantially relax the layered architecture, as explained in Section 5.5. Note that
8
The idea behind the definition of multisource formulas is that there should be unambiguous references to modules indicating where subformulas should
be evaluated.
9

However, rather than a single interpretation, we consider interpretations provided by Γ.
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multisource formulas provide a shift in perspective. Namely, when module m asks module n
about values of literals and then computes the value of a formula A involving these values,
then A is computed by m. When n.A is the query, then n computes the answer and tells m
the result. In many applications this is more natural. Of course, m may simulate the same
computation asking n about values of all literals appearing in A and then determine the result
itself. However, this is less readable. Moreover, assuming a natural evaluation strategy, where
n.A indicates that A is to be computed by n, this simulation may be less efficient, since many
queries about literals have to be asked and answered comparing to just one query A.
E XAMPLE 5.8
Let danger(X) express that there is a potentially dangerous situation in region X, sub(X, Y )
express that region X is a subregion of region Y and high(X, Z) express that the value of
attribute Z in region X is high. Consider the following formula:
m.danger(X) ← n.[∃Y(sub(Y, X)∧high(Y, pollution)∧high(Y, temperature))] ∈ {t, b, n}.
The formula states that m finds the situation in region X dangerous when the value of formula
∃Y (sub(Y, X) ∧ high(Y, pollution) ∧ high(Y, temperature)),
evaluated by module n, is in {t, b, n}. That is, m concludes that there is a danger in region
X if n tells m that there is a subregion of X, where values of pollution and temperature are
high or n has inconsistent or no information whether these values are high.
Note that computing the same answer in 4QL may require asking queries about literals
sub(Y, X), high(Y, pollution), high(Y, temperature) for all Y being subregions of X. In
distributed systems communication usually takes its time. In such circumstances there can be
a considerable loss in performance of the system. The underlying evaluation strategy used by
the database engine should address this point.
C

5.4

Querying Information Sources

Multisource formulas are meant to be used to query databases. From the point of view of
the current paper, databases are defined by means of interpretations, i.e., sets of literals. For
4QL and 4QL+ such sets are constructed as well-supported models. However, they can also
be provided by sources not necessarily using 4QL or 4QL+ . Note that Definition 5.7 is
independent of well-supported models, as Γ assigns to module names arbitrary sets of ground
literals.
In standard databases a query returns a set of tuples satisfying the query. In deductive
databases queries are expressed by formulas [1, 37]. In our approach, queries are expressed
by multisource formulas. If a query contains no free variables then it returns a truth value.
This case is already covered by Definition 5.7. Consider then a query A with free variables
X̄. Note that the set of designated values is t, b. Therefore we have to return tuples ā such that
the value of A(ā) is in {t, b}. It is, however, necessary to distinguish tuples making A(ā) = t
from those making A(ā) = b. It is also useful to distinguish tuples making A(ā) = f or
A(ā) = n. We then have the following definition.
D EFINITION 5.9
Let C and Γ be as in Definition 5.7. By an annotated tuple we mean an expression of the form
+ā or −ā, where ā is a tuple of constants from C.
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For a multisource formula A(X̄) the meaning of query expressed by A(X̄) is the set of
annotated tuples:10
{+ā | Γv (A(ā)) = t} ∪ {−ā | Γv (A(ā)) = f} ∪ {+ā, −ā | Γv (A(ā)) = b}.

C

Note that, given a set U of annotated tuples as defined in Definition 5.9, the truth value t
of a query for a given tuple ā can be computed in the standard way (cf. Definition 2.1):

t when + ā ∈ U and − ā 6∈ U



b when + ā ∈ U and − ā ∈ U
t=
n when + ā 6∈ U and − ā 6∈ U



f when + ā 6∈ U and − ā ∈ U.
E XAMPLE 5.10
Consider two information sources, m and n. Let C = {a, b} and:
Γ(m) = {r(a, b), s(a), ¬s(a)}, Γ(n) = {¬r(a, b), s(b)}.
Then query m.[s(X)] ∨ ¬n.[r(X, Y )] returns {+ha, bi, +ha, ai, −ha, ai}.

C

If one does not want to select all annotated tuples, but only those for which the query
returns a given set of truth values, multisource formulas of the form m.[A(X̄)] ∈ T can be
used. For example, m.[s(X, Y )] ∈ {b, n} returns tuples ha, bi such that, in interpretation
Γ(m), we have s(a, b) ∈ {b, n}.

5.5

Multisource Rules

Let us now define multisource rules.
D EFINITION 5.11
By a multisource rule we understand any expression of the form ` ← β, where:
1. `, called the head of the multisource rule, is an external literal of the form m.`0 or ¬m.`0 ;
2. β, called the body of the multisource rule, is a multisource formula.
The scope of m appearing in a rule head is the whole rule. The head of a rule % is denoted by
head(%).
Multisource rules with empty bodies are called facts and are denoted by ‘`.’ rather than
‘` ← .’ .
C
R EMARK 5.12
Note that the scope of rule ` ← β allows us to understand the rule as the multisource formula
m.[` ← β], where m is the module name occurring in `. This also allows us to avoid
redundant repetitions of module names in bodies of rules (as outlined in Remark 5.5). For
example, using these conventions, a rule

¬m.r(X) ← ∀Y ∃Z s(X, Y, Z) ∨ t(X) ∨ n.r(Z) .
is understood as the following multisource formula:

m.[¬m.r(X) ← ∀Y ∃Z m.s(X, Y, Z) ∨ m.t(X) ∨ n.r(Z) ].
10

Note that A(ā) contains no free variables, so v does not matter.

C
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It is important to note that point 2. of Definition 5.2 is no longer required. It will be
substantially relaxed (see Definition 5.15).
R EMARK 5.13
Multisource formulas express queries to modules. They have the power of standard S QL
queries. On the other hand, there are tractable queries not expressible in S QL [1]. Therefore,
rather than first-order formulas one can allow a set of multisource rules to query modules.
In such a case rather than m.[A], where A is a multisource formula, one can allow m.[S; `],
where S is a set of rules and ` is a literal whose value is the result of the query. The meaning
of such a query would then be:
compute the well-supported model of S using facts and rules of m augmented with
rules included in S and return the value of ` in this model as the resulting value.
To make the presentation as clear as possible, we do not consider this option in the current
paper. Implementations of the proposed approach can allow to express such queries without
losing tractability.
C
It is natural to assume that modules represent agents’ beliefs [19]. In agent systems one frequently assumes dialogues among agents. That is, an agent a1 may ask a query to an agent a2
and also be asked queries by a2 . Such situations are not directly supported by 4QL. Namely,
to allow such queries, one has to distribute the set of rules among additional, perhaps artificial
well-layered modules. In extreme cases, each rule would have to be placed in a separate module, making the whole set of rules less natural and less readable than necessary. Therefore
we relax the definition of layering. In fact our new definition is close to that of stratification
in DATALOG¬ (see, e.g., [1]).
To formally define the layered architecture we further assume that C is the set of all constants occurring in rules. To illustrate the main problem with multisource formulas as well as
external literals, consider the following example.
E XAMPLE 5.14
Consider the following two rules:
m.r ← n.r ∈ {n}.

(5.8)

n.r ← m.r ∈ {n}.

(5.9)

There are many models of (5.8) and (5.9), e.g., {m.r}, {n.r}. Note that ∅ is not a model
for these formulas. None of these models is intuitively better than the other. The situation
is symmetric and no module is to be preferred. One could consider models {m.r, n.r} or
{m.r, ¬m.r, n.r, ¬n.r} but these models are not grounded in any facts (in the sense of Definition 5.3), since n.r ∈ {n} and m.r ∈ {n} are both f these models.
C
In the following definition rather than requiring that modules are layered, we require that
literals should allow a layered structure.
D EFINITION 5.15
Let S be a set of multisource rules and let L be the set of external literals appearing in S. We
say that S is admissible iff there is a mapping κS : L −→ ω such that for every rule % ∈ S,11
1. if ` is a literal appearing in the body of % in the scope of a multisource formula of the
form n.[A] then κS (head(%)) ≥ κS (`);
11

Let us emphasize that the convention of Remark 5.12 applies.
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2. if ` is a literal appearing in the body of % in the scope of a multisource formula of the
form n.[A] ∈ T , then κS (head(%)) > κS (`).
C
The following example illustrates a substantial difference between the above definition and
layering assumed in [27, 28].
E XAMPLE 5.16
Consider the following rules:
m.r ← n.r ∈ {n}.
n.s ← m.s ∈ {n}.
According to the definition of [27, 28], modules m and n cannot be layered. On the other
hand, according to Definition 5.15, these rules are admissible. For example, one can define
κ(m.s) = κ(n.r) = 0 and κ(m.r) = κ(n.s) = 1. This indicates that one can first compute
values of m.s and n.r (both equal to n) and then values of m.r and n.s (both equal to t). C
Note that admissibility is a generalization of stratifiability of DATALOG¬ programs. The
PT IME algorithm checking whether a set of rules of DATALOG¬ is stratifiable (see, e.g., [1])
can be applied to check admissibility. Therefore we have the following proposition.
P ROPOSITION 5.17
For any set S of multisource rules, admissibility of S can be checked in deterministic polynomial time.
C

6

The 4QL+ Query Language

Let us now define the 4QL+ language.
D EFINITION 6.1
A 4QL+ rule is any multisource rule, as defined in Definition 5.11. A 4QL+ program is any
admissible set of 4QL+ rules. A query to a 4QL+ program is any multisource formula.
C
E XAMPLE 6.2
The following implication is a well-formed 4QL+ query, where m, n ∈ M od are module
names):
∀X(m.[r(X) ∨ ¬s(X)] → ∃Y n.[n.r(Y ) ∧ t(X, Y )]).
On the other hand, r(a) is not a well-formed query, since r(a) has no reference to a module,
so is not a well-formed multisource formula. It becomes well-formed when a reference to
a module is added like, e.g., m.[r(a)].
C
To construct an algorithm for computing well-supported models, let us first focus on the
case when there is only one layer, i.e., there is i ∈ ω such that for any external literal `
labeling the head of a rule, κ(`) = i. Consider now a modification of algorithm provided in
Figure 2, where the third phase (reasoning with inconsistency) is replaced by the algorithm
given in Figure 4. Note also that least Herbrand models of phases 1 and 2 can be computed
by evaluating suitable least fixpoints, so remain PT IME computable.
Note that definitions of I1S and I2S have the same meaning as before. Therefore, Definition 4.8 of well-supported models appears general enough to capture 4QL+ .
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3’. (reasoning with inconsistency):
(a) set I S = I1S ∪ I2S ;
(b) while there is a rule [` ← β] ∈ S such that I S (β) = b and I S (`) 6= b
do: add {`, ¬`} to I S .

F IG . 4: Phase 3 of the algorithm computing the well-supported model for single-layered set
of multisource rules S.
The new algorithm can easily be extended to cover any finite number of layers. Assume
that there are layers 0, . . . , k. Then we can define the following algorithm for computing
well-supported models for all modules:
for i = 0, . . . , k do:
compute the well-supported model for rules with heads ` such that κ(`) = i
substituting calls to external modules by respective truth values computed
in all layers j with j < i.
D EFINITION 6.3
The semantics of 4QL+ rule ` ← β is defined by requiring that for all v assigning constants
from C to variables, Γv ` ← β ∈ {t, b}, where:
• C and Γ are as in Definition 5.7;
• for any m, Γ(m) is the well-supported model for facts and relations with heads labeled
by m.
C
Note that each 4QL+ program consists of a fixed number of layers, not changing during
evaluation of queries. Well-supported models for modules of 4QL+ programs are constructed
layer by layer, where each layer is computed in time polynomial w.r.t. number of constants.
Therefore we have the following theorem.
T HEOREM 6.4
4QL+ has PT IME data complexity.

C

+

Since 4QL captures PT IME on ordered structures [28] and 4QL is a sublanguage of 4QL ,
we also have the following theorem.
T HEOREM 6.5
4QL+ captures PT IME queries on ordered structures.

C

Let us finish this section by showing an example of the use of 4QL+ .
E XAMPLE 6.6
Consider a case study of [20] (Chapter 7.2) dealing with ecological diasters caused by specific
poisons. The scenario, with some simplifications and adjustments, is the following: possible
hazards are two kinds of poison, p1 and p2 . They may also be explosive if they react with
one another, which happens at high concentrations. Three attributes influence danger level:
temperature T , pressure P and concentrations C1 , C2 of poisons p1 , p2 at a given location
L. In [20] the main emphasis is put on cooperation between heterogeneous agents, and
(sub)teams of agents. Here we will discuss fusing information from two sources: the first, a1 ,
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providing temperature and pressure and the second, a2 , providing concentration of poisons
p1 , p2 , respectively. One could have the following simple rules:
← a1 .[¬high(L, temperature) ∧ ¬high(L, pressure)]∧
a2 .[¬high(L, concentration1 ) ∧ ¬high(L, concentration2 )].
a.risky(L, p1 )
← a1 .[high(L, temperature) ∧ ¬high(L, pressure)]∨
a2 .[high(L, concentration1 ) ∧ high(L, concentration2 )].
a.explosive(L)
← a2 .[high(L, concentration1 ) ∧ high(L, concentration2 )].
a.dangerous(L)
← a1 .[high(L, concentration1 ) ∨ high(L, concentration2 )].
¬a.dangerous(L) ← a.[safe(L)].

a.safe(L, p1 )

It may happen that an information source fails to measure respective attributes, so that, e.g.,
a.explosive(L) is n. Also, if information as to location L being in explosive state, is inconsistent, it is safe to assume that it actually is in such a state. One can express a rule addressing
such situations in another module, say b, as:
b.explosive(L) ← a.explosive(L) ∈ {t, b, n}.
Of course, the above rule leads to nonmonotonicity of reasoning, but is very intuitive and
natural.
C

7

Conclusions

In the current paper we have presented a comprehensive technology for the construction of
tractable advanced knowledge bases for agent systems. The technology is defined via the
4QL+ query language extending 4QL [27, 28] and allowing one to express complex rules
and queries. Rules allowed in 4QL+ are far beyond those of DATALOG, DATALOG¬ and
DATALOG¬¬ . The underlying semantics remains simple and guarantees tractability of computing queries. Moreover, all tractable queries can be expressed in 4QL+ .
Logical techniques used in the paper allow one to formulate agents’ rules allowing to gather
information from heterogeneous sources as well as for lightweight forms of nonmonotonic
reasoning, including defeasible reasoning.
We intentionally avoided defining implementation-oriented syntax sticking to traditional
logical notation. A programming language-like syntax for the use in applications is left for
implementations of 4QL+ . In fact such implementations may extend the language in various
directions. First, one can still strengthen queries as indicated in Remark 5.13. Also, some features important in practice of developing agent systems, like inheritance and more advanced
encapsulation techniques from object-oriented languages as well as related agent techniques
and constructs can then be incorporated.
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